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A three-dimensional crack problem in electromagnetothermoelastic multiphase composites (EMTE-MCs) under
extended loads is investigated in this paper. Using Green’s functions, the extended general displacement solutions are
obtained by the boundary element method. This crack problem is reduced to solving a set of hypersingular integral equa-
tions coupled with boundary integral equations, in which the unknown functions are the extended displacement disconti-
nuities. Then, the behavior of the extended displacement discontinuities around the crack front terminating at the interface
is analyzed by the main-part analysis method of hypersingular integral equations. Analytical solutions for the extended
singular stresses, the extended stress intensity factors (SIFs) and the extended energy release rate near the crack front
in EMTE-MCs are provided. Also, a numerical method of the hypersingular integral equations for a rectangular crack
subjected to extended loads is put forward with the extended displacement discontinuities approximated by the product
of basic density functions and polynomials. In addition, distributions of extended SIFs varying with the shape of the crack
are presented. The results show that the present method accurately yields smooth variations of extended SIFs along the
crack front.
 2007 Elsevier Ltd. All rights reserved.
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The development of piezoelectric/piezomagnetic composites has its roots in the early work of Jordan and
Eringen (1964a,b), Davis (1974), Tinkham (1974) and Vandenboomgaard et al. (1976a,b), who proposed that
the combination of piezoelectric/piezomagnetic phases may exhibit a new material property—the electromag-
netic coupling eﬀect. Since then, the combination coupling eﬀect of two or more phases in electromagnetother-0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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retical works for the electromagnetic and thermoelastic coupling eﬀects have only recently been studied (see
e.g., Aboudi, 2000, 2001, Tan and Tong, 2002; Eringen, 2003; Feng et al., 2004; He et al., 2004; Bednarcyk
et al., 2005; He et al., 2005; Watanabe et al., 2005; Dai and Wang, 2006; Li et al., 2006; Liu et al., 2006;
He and Li, 2006). Nowadays, EMTE-MCs have wide-ranging applications in science and engineering such
as space planes, supersonic airplanes, rockets, missiles, nuclear fusion reactors and submarines. One common
characteristic of EMTE-MCs is that they are very susceptible to fracture due to their brittleness and sensitivity
to EMTE ﬁelds in the environment. Thus, the fracture mechanics of EMTE-MCs plays an important role in
the analysis and design of EMTE structures and devices, and has been receiving considerable interest.
In the ﬁeld of magnetoelastic materials, Bagdasarian and Hasanian (2000) studied a crack problem in fer-
romagnetic solids, and developed a numerical method to determine the crack opening displacement and the
magnetoelastic stress intensity factors (SIFs). Using a complex function method, a collinear crack problem
for soft ferromagnetic materials was investigated by Liang et al. (2000). Podil’chuk (2001, 2002), Podil’chuk
and Dashko (2003, 2004) and Podil’chuk and Podil’chuk (2005) analyzed elliptical crack, elliptical inclusion
and paraboloidal inclusion problems under various conditions and obtained the SIF formulas near the crack
tip. The magnetoelastic coupling eﬀect in an inﬁnite soft ferromagnetic material with a crack was considered
by Liang et al. (2002), and the experimental results showed that magnetic ﬁeld had no obvious eﬀect on the
fracture of the material. In recent work of Lin and Lin (2002) and Lin and Yeh (2002), using complex variable
theory, the ﬁnite plane crack problems in soft ferromagnetic solid and in bonded electromagnetoelastic dissim-
ilar materials were developed. They obtained exact solutions for magnetic ﬁeld quantities in closed forms and
provided numerical results of magnetoelastic stress distribution for diﬀerent material properties. Using exper-
imental techniques and theoretical models, Fang et al. (2004) deduced the eﬀect of magnetic ﬁeld on the frac-
ture toughness of soft ferromagnetic materials. Applying complex potential theory, Wan et al. (2004)
considered an elliptical ﬂaw in an inﬁnite plane subjected to magnetic loading, and then developed a small-
scale magnetic yielding model to determine the stress ﬁelds near the tip of a slender elliptical crack. Using
complex variable theory and a Laurent series expansion method, an interacting problem of multiple circular
inclusions in plane magnetoelasticity was analyzed by Chen and Lin (2006). On the basis of the Fourier inte-
gral transform technique, an interfacial Griﬃth crack between two dissimilar materials subjected to a uniform
magnetostatic ﬁeld was analyzed by Zhao and Lee (2007), and they observed that the eﬀects of the layer height
to the crack length ratio on the normalized SIFs had the same tendencies as those in the corresponding purely
elastic case.
In the ﬁeld of magnetoelectroelastic (MEE) materials, using an extended Stroh formalism method, an anti-
plane crack was considered by Wang and Mai (2003, 2004) and they found that the SIFs in the static case were
independent of electric and magnetic loadings. Using complex potential theory, an elliptical inclusion in an
inﬁnite soft ferromagnetic medium was considered by Wan et al. (2003). Sih et al. (2003) studied mode I
and II crack initiation behavior problems. Considering line crack problem, the relationship between the energy
stress factor and material properties was analyzed by Song and Sih (2003). Tian and Gabbert (2005) consid-
ered a parallel crack near the interface of magnetoelectroelastic bimaterials and evaluated the extended SIFs.
Based on the method of Fourier transforms and dislocation density functions, Feng et al. (2005a,b) presented
dynamic interface crack problems between two dissimilar materials and discussed the eﬀects of extended
impact loading on dynamic energy density factors. Li (2005) investigated a crack problem under anti-plane
mechanical and in-plane electric and magnetic impacts by Fourier and Laplace transforms, and discussed
the dynamic intensity factors and dynamic energy density factors. Using an integral transform method, an
anti-plane Griﬃth permeable crack embedded an inﬁnite medium under extended impact loading was ana-
lyzed by Hu and Li (2005a,b). Wang and Mai (2007) investigated diﬀerent electromagnetic boundary condi-
tions on the crack face, and obtained the relationship between SIFs and electromagnetic boundary conditions.
Based on the integral transforms and the singular integral equation method, a dynamic anti-plane imperme-
able internal crack perpendicular to the boundary was considered by Feng and Su (2006).
For EMTE-MCs, by applying the extended Stroh formalism method, a collinear permeable crack subjected
to uniform heat ﬂow at inﬁnity was analyzed by Gao et al. (2003). They found that all the ﬁeld singularities
were independent of the applied electric–magnetic loads, and the electric–magnetic ﬁeld inside the cracks was
linearly variable with position along the crack line Gao and Noda (2004) dealt with an interface crack problem
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obtained the thermal-induced electric–magnetic ﬁelds within the crack and the SIFs at the crack tip. Based on
the Stroh formalism method, the 2D Green’s functions in EMTE media were given by Qin (2005). Zhou and
Wang (2004) and Zhou et al. (2005) studied a permeable crack subjected to an anti-plane shear loading by the
Fourier transform method, and then found that the stress ﬁeld was independent of the electric ﬁeld and the
magnetic ﬂux.
However, relatively little work has been done on the three-dimensional crack problem in EMTE-MCs.
Using the theory of linear EMET and applying appropriate boundary conditions, a penny-shaped crack under
uniform heat ﬂow in an EMTE solid was considered by Niraula and Wang (2006). The main diﬃculties in the
ﬁeld are related to the mathematical complexities and the eﬃciency of the numerical method. The hypersin-
gular integral method, based on the displacement fundamental solutions takes the upper and lower crack sur-
faces as one boundary, so it needs no subdivision of the domain. Combined with the ﬁnite-part integral
method, the method is an eﬃcient one to analyze the crack problems (Qin and Tang, 1993).
In this paper, based on the previous work (Chen et al., 2004), the general solutions of extended displace-
ment (elastic displacement, electrical potential, magnetic potential and thermal potential) are obtained by
the boundary element method. Then, applying the main-part method and extended boundary conditions, a
three-dimensional crack in EMTE-MCs subjected to the extended loads (mechanical, electrical, magnetic
and thermal loads) is reduced to solving a set of hypersingular integral equations. The unknown functions
are the extended displacement discontinuities (elastic displacement, electric potential, magnetic potential
and the thermo ﬂow potential discontinuities) of the crack surface. Also, the singularity of the extended dis-
placement discontinuities is analyzed, and the analytical solutions of the extended singular stresses (the singu-
lar mechanical stresses, the electric displacements, the magnetic displacements and the thermal stresses), the
extended SIFs (mechanical SIFs corresponding to the crack mode I, II and III, the electric SIFs K4, the mag-
netic SIFs K5 and the thermal SIFs K6) and the extended energy release rate are given. In addition, a numerical
method for a rectangular three-dimensional crack is proposed by the body force method and some numerical
solutions are calculated. For the special case, the results are compared with those obtained by Qin and Noda
(2003), Tian and Gabbert (2004), Shindo et al. (2004) and Hu et al. (2006). Finally, the numerical solutions of
extended SIFs with variations in the shape of the crack are discussed.
2. Basic equations
The linear governing equations and constitutive relations for EMTE-MCs in a static equilibrium can be
expressed asX
iJ ;i
þfJ ¼ 0 ð1ÞHere, summation from 1 to 3 (1 to 6) over repeated lowercase (uppercase) subscripts is assumed, and a sub-
script comma denotes the partial diﬀerentiation with respect to the coordinates (e.g., x1,x2,x3 or x,y,z), where
the second-order extended stress displacement matrix tensor,
P
iJ, is deﬁned asX
iJ
¼
rij J ¼ j ¼ 1; 2; 3
Di J ¼ 4
Bi J ¼ 5
#i J ¼ 6
8>><
>>:
ð2Þwhere rij, Di, Bi and #i are the second-order stress tensor, the electric displacement vector, the magnetic ﬂux
vector and the heat ﬂow vector, respectively. In addition, the extended body load vector, fJ, is expressed asfJ ¼
fj J ¼ j ¼ 1; 2; 3
fe J ¼ 4
fm J ¼ 5
f# J ¼ 6
8>><
>>:
ð3Þ
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and the heat ﬂow density vector, respectively. The combined constitutive equation is written asX
iJ
¼ EiJKlZKl ð4ÞThe fourth-order EMTE constant matrix tensor, EiJKl, is deﬁned asEiJKl ¼
CiJKl PiJ 0
0 0 kiJ
 
ð5Þ
CiJKl ¼
cijkl J ;K ¼ 1; 2; 3
elij J ¼ 1; 2; 3; K ¼ 4
eikl J ¼ 4; K ¼ 1; 2; 3
dlij J ¼ 1; 2; 3; K ¼ 5
dikl J ¼ 5; K ¼ 1; 2; 3
gil J ¼ 4; K ¼ 5 or J ¼ 5; K ¼ 4
2il J ;K ¼ 4
lil J ;K ¼ 5
8>>>>>>><
>>>>>>>:
ð6Þ
PiJ ¼
iij J ¼ 1; 2; 3; K ¼ 6
1il J ¼ 4; K ¼ 6
gil J ¼ 5; K ¼ 6
8><
>: ð7Þwhere CiJKl, PiJ, cijkl, elij, dlij, 2il, gil and lil are the fourth-order extended elastic stiﬀness tensor, the second-
order extended thermal stress constants tensor, the fourth-order elastic stiﬀness tensor, the third-order
piezoelectric tensor, the third-order piezomagnetic magnetoelectric coupling tensor, the second-order dielectric
permittivities tensor, the second-order magnetic permeability tensor and the second-order magnetic constant
tensor, respectively. iij, 1il, gil and kij represent the second-order thermal stress constants tensor, the second-
order pyroelectric coeﬃcients tensor, the second-order pyromagnetic coeﬃcients tensor and the second-order
heat conduction coeﬃcients tensor, respectively. The second-order extended strain ﬁeld matrix tensor, ZKl,
takes the formZKl ¼ ½UK;l  ;l T ð8Þ
UK ¼
ui K ¼ 1; 2; 3
/ K ¼ 4
u K ¼ 5
 K ¼ 6
8>><
>>:
ð9Þwhere UK, ui, /, u and # denote the extended elastic displacement vector, the elastic displacement vector, the
electric potential vector, the magnetic potential vector and the thermal potential vector, respectively.
3. Boundary integral equations for a crack in EMTE-MCs
3.1. Boundary conditions of a crack surface
The mechanical boundary conditions of a crack in EMTE-MCs are always deﬁned by a stress-free crack
surface. Several EMTE boundary conditions were proposed in the literatures. Among these EMTE boundary
conditions, two diﬀerent conditions are applied widely. These are permeable and impermeable conditions. For
the ﬁrst one, the normal extended displacement and extended potential should be continuous across the crack
surfaceDþ3 ¼ D3 ; /þ ¼ /; Bþ3 ¼ B3 ; uþ ¼ u; #þ3 ¼ #3 ; þ ¼  ð10Þ
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tions on the crack surface are proposed as follows:Dþ3 ¼ D3 ¼ 0; Bþ3 ¼ B3 ¼ 0; #þ3 ¼ #3 ¼ 0 ð11Þ
This paper presents an analysis for the crack problem in EMTE-MCs based on boundary conditions
Eq. (11).
3.2. General solutions for a three-dimensional crack in EMTE-MCs
Consider a three-dimensional crack S in EMTE-MCs. A ﬁxed rectangular Cartesian system xi (i = 1,2,3) is
used. The crack is assumed to be in the x1x2 plane, and normal to the x3 axis. Using the EMTE form of the
Somigliana identity, the extended displacement vector, UI, at interior point p is expressed asUI ¼ 
Z
C
ðT IJUJ þ UIJT JÞdsþ
Z
X
UIJbJ dsþ
Z
SþþS
ðUIJT J  T IJUJÞds ð12Þwhere X is the domain occupied by the EMTE-MCs, C is the external boundary, TJ is the extended elastic
tractions vector (the elastic tractions vector, the normal charge ﬂux densities vector, the normal magnetic cur-
rent densities vector and the normal heat ﬂow densities vector) on the boundary; UIJ and TIJ are the second-
order fundamental solution tensors of the EMTE-MCs and related Green’s functions as follows:T IJ ðn xÞ ¼ EkJMnGIM ;nðn xÞnk ð13Þ
T J ¼
tj ¼ rjlnl J ¼ j ¼ 1; 2; 3
q ¼ Dlnl J ¼ 4
b ¼ Blnl J ¼ 5
q ¼ #;J ni J ¼ 6
8>><
>>:
ð14ÞNoting that the extended displacement discontinuities vector, ~UJ , is written as~UJ ¼
~uj ¼ uþj  uj J ¼ j ¼ 1; 2; 3
~/j ¼ /þj  /j J ¼ 4
~uj ¼ uþj  uj J ¼ 5
~ j ¼ þj  j J ¼ 6
8>>><
>>:
ð15ÞUsing the relations T IJ ðp; qþÞ ¼ T IJ ðp; qÞ ¼ TþIJ ðp; qÞ and UIJ(p,q+) = UIJ(p,q), the extended displacement
vector, UI, can be rewritten asUI ¼
Z
C
ðUIJT J  T IJUJÞds
Z
Sþ
TþIJ ~UJ dsþ
Z
X
UIJfJ ds ð16ÞUsing solution (16) and constitutive Eq. (5), the corresponding second-order extended stresses tensor,
P
ij, is
expressed asX
ij
¼
Z
C
ðDKiJT K  SKiJUKÞds
Z
Sþ
SþKiJ ~UK dsþ
Z
X
DKiJbK ds ð17ÞThe third-order integral kernels tensors, SKiJ and DKiJ, are as follows:SKiJ ðp; qÞ ¼ EiJMnTMK;nðp; qÞ; DKiJ ðp; qÞ ¼ EiJMnUMK;n ð18Þ3.3. Boundary integral equations
There are two parts of boundary: one is the external boundary C, and the other is the crack surface S±.
Using the boundary conditions, the boundary integral equations and hypersingular integral equations can
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equations can be derived from Eq. (16) as follows:CIJUI ¼
Z
C
ðUIJT J  T IJUJÞdsþ
Z
X
UIJbJ dsþ
Z
Sþ
TþIJ ~UJ ds ð19Þwhere the second-order constant tensor, CIJ, is related to the boundary point P. Applying the elastic, electric,
magnetic and thermal boundary conditions of the crack surface, the hypersingular integral equations can be
obtained asSþKiJ ~UK ds ¼
Z
C
ðDKiJT K  SKiJUKÞdsþ
Z
X
DKiJbK ds ð20Þwhere means that the integral must be interpreted as a ﬁnite-part integral. The ﬁrst integral in Eq. (20) has
the order r3, and is a hypersingular one. Solving Eqs. (19) and (20), all the unknown functions can be
obtained.4. A three-dimensional crack in EMTE-MCs
For transversely isotropic EMTE-MCs, the fourth-order EMTE constant tensor, cijkl, and the third-order
EMTE constant tensor, elij, can be written as follows:cijkl ¼ ðc13  c12Þðdijd3kd3l þ d3id3jdklÞ þ ðc44  c66Þðdjkd3id3l þ dikd3jd3l þ dild3jd3k þ djld3id3kÞ
þ ðc11 þ c33  2c13  4c44Þd3id3jd3kd3l þ c12dijdkl þ c66ðdikdjl þ dildjkÞ ð21Þ
elij ¼ e31dijd3l þ e15ðdild3j þ djld3iÞ þ ðe33  e31  2e15Þd3id3jd3l; 2il ¼ 211dil þ ð233  211Þd3id3l ð22Þ
The format of the third-order EMTE constant tensor, dlij, is identical to the third-order EMTE constant ten-
sor, elij; the format of the second-order EMTE constant tensor lil and gil is identical to the second-order
EMTE constant tensor, 2il; here c66 = (c11  c12)/2.4.1. General solutions
For transversely isotropic EMTE-MCs, Green’s functions can be written as an explicit expression. Here we
use the methods given by Pan and Tonon (2000), Pan and Yuan (2000), Li (2002), Pan (2002), Chen et al.
(2004) and Ding et al. (2005). The governing equations are expressed asGJ ¼ n41 o
6
ox63
þ n51D o
4
ox43
þ n61D2 o
2
ox23
þ n71D3
 
og
oxa
 of
ox _a
 
daJ
þ dmJ n4m o
6
ox23
þ n5mD o
4
ox43
þ n6mD2 o
2
ox23
þ n7mD3
 
og
ox3
þ d6J n1 o
8
ox83
þ n2D o
6
ox63
þ n3D2 o
4
ox43
þ n4D3 o
2
ox23
þ n5D4
 
g m
¼ 3; 4; 5 ð23Þ
The potentials g and f must satisfy the following equationsY6
n¼2
Dþ o
2
oz2n
 
g ¼ 0; Dþ o
2
oz21
 
f ¼ 0 ð24Þwhere zi = siz, s1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c66=c44
p
, s6 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k11=k33
p
and st(t = 2,3,4,5) are the four roots (with a positive real part) of
the following algebraic equation:a1s8  a2s6 þ a3s4  a4s2 þ a5 ¼ 0 ð25Þ
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monopole or thermal force, the Green’s functions can be obtained from the solutions ui, /, u and  .
4.1.1. Combination of point force Pz, charge Q, monopole J and thermal force 
For a combination of Pz, Q, J and  at point n (n1,n2,n3), the extended displacements at point x(x1,x2,x3)
can be expressed asGmJ ¼
X5
i¼1
R1i Aimð _R1i ðxa  naÞdaJ þ kwi d3J þ k/i d4J þ kui d5J þ R2i ðn3  x3Þk#i s2i d6J Þ ð26Þwhere a = 1,2, m = 3–6, Ri, _Ri, k
w
i , k
/
i , k
u
i , k
#
i , Ai, jil, j55, wi5, wi1, wi2, wi3, wi4 are given in Appendix A.
4.1.2. Point force in x2 direction
For a unit point force in the x2 direction at point n(n1,n2,n3), the extended displacements at point
x(x1,x2,x3) can be expressed asG2J ¼
X5
i¼1
Diðx2  n2ÞðdaJR1i _R2i ðna  xaÞ  R1i _R1i ðkwi d3J þ k/i d4J þ kui d5J Þ  k#i R3i sid6J þ _R1i d2J Þ
þ D0ððx1  n1ÞR10 _R20 ððx1  n1Þd2J  ðx2  n2Þd1JÞ  _R10 d2J Þ ð27Þ
where vil, D0, Di are given in Appendix A.
4.2. Hypersingular integral equations
Consider a three-dimensional crack in EMTE-MCs as shown in Fig. 1. The crack is assumed to be in a
plane normal to the x3 axis, and subjected to an extended normal load. Based on the method given by Qin
and Tang (1993), the Eq. (20) can be reduced tor3 c244D0s
2
0 dab  3r;ar;b
 þ dab  3r;ar;b X5
i¼1
q2i t
2
i
 !
~ubðqÞ þ 3r4r;a
X5
i¼1
k33s2i t
1
i ~u6ðqÞ
 !
dsðqÞ ¼ paðpÞ
ð28Þ
r2r;a
X5
i¼1
Ai t
2
i q
1
i ~uaðqÞ þ r3
X5
n¼3
X5
i¼1
qmi t
t
i~unðqÞ þ 3r4k3ar;a
X5
i¼1
v2i k
#
i q
m
i ~u6ðqÞ
 !
dsðqÞ ¼ pmðpÞ ð29Þ
r2 dab  3r;ar;b
 X5
i¼1
Ai k3bt
2
i ~ubðqÞ þ 3r4k3ar;a
X5
i¼1
Ai v
2
i k
#
i k33q
6
i ~u6ðqÞ
 !
dsðqÞ ¼ p6ðpÞ ð30ÞFig. 1. A crack in electromagnetothermoelastic multiphase composites.
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thermal loads on the crack surface due to internal or external loads. They can be obtained from the solution
for the loads of the uncracked solids. The material constants are determined ast1i ¼ ðc244Disi þ c44APi þ e15AQi þ d15AJi Þ; t2i ¼ c44si þ c44kwi þ e15k/i þ d15kui ;
t3i ¼ c13 þ siðc33kwi þ e33k/i þ d33kui þ i33k#i Þ; t4i ¼ siðe33kwi  233k/i  g33kui þ 133k#i Þ  e31;
t5i ¼ siðd33kwi  g33k/i  l33kui þ g33k#i Þ  d31; q2i ¼ c44Disi þ c44APi þ e15AQi þ d15AJi ;
q3i ¼ siðc33APi þ e33AQi þ d33AJi Þ  Dic13; q4i ¼ siðe33APi  233AQi  g33AJi Þ  Die31;
q5i ¼ siðd33APi  g33AQi  l33AJi Þ  Did31; q6i ¼ d3mi33 þ d4m133 þ d5mg33 þ d6m;
q1i ¼ d3mi33 þ d4m133 þ d5mg33This shows that the hypersingular integral equations have the same structures as those given by Qin and
Noda (2002, 2004). It is also valid for an arbitrarily shaped three-dimensional crack subjected to arbitrarily
distributed forces that is symmetric with respect to the crack surface.4.3. Singularity and extended singular stresses near the crack front
In order to investigate the singularity of the crack front, consider a local coordinate system deﬁned as x1 x2
x3. The x1-axis is the tangent line of the crack front at point q0, the x2-axis is the internal normal line in the
crack plane, and the x3-axis is the normal of the crack. Then, the extended displacement discontinuities of the
crack surface near a crack front point q0 can be assumed as½ ~uiðqÞ ~/ðqÞ ~uðqÞ ~ ðqÞ  ¼ gkðq0Þnkk2 0 < ReðkkÞ < 1 ð31Þ
where gk(q0) are non-zero constants related to point q0 and kk are the singular indexes at the crack front. Con-
sider a small semi-circular domain Se on the crack surface including point q0. From the main-part analytical
method given by Qin and Tang (1993), the following relations can be derived~u1
r3
dn1n2 ﬃ 2pk1g1ðq0Þxk112 cotðk1pÞ ð32Þ
ðx2  n2Þ2~u1
r5
dn1n2 ﬃ 
4
3
pk1g1ðq0Þxk112 cotðk1pÞ ð33Þ
ðx1  n1Þ2~u1
r5
dn1n2 ﬃ 
2
3
pk1g1ðq0Þxk112 cotðk1pÞ ð34Þ
ðx1  n1Þðx2  n2Þ~u1
r5
dn1n2 ﬃ 0 ð35Þ
ðx2  n2Þ~u2
r3
dn1n2 ﬃ 2g2ðq0Þxk22 cotðk2pÞ ð36ÞUsing the above relations, from Eqs. (28) to (30) the singular index can be determined bycotðk1pÞ ¼ 0; cotðk2pÞ ¼ 0; cotðk3pÞ ¼ 0; cotðk4pÞ ¼ 0; cotðk5pÞ ¼ 0; cotðk6pÞ ¼ 0 ð37Þ
Then the singular indexes are obtained ask1 ¼ k2 ¼ k3 ¼ k4 ¼ k5 ¼ k6 ¼ k ¼ 1=2 ð38Þ
This shows that the singularities near the crack front in EMTE-MCs are identical to those in a general homog-
enous material. The extended SIFs are deﬁned asK1 ¼ lim
r!0
ﬃﬃﬃﬃﬃ
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ﬃﬃﬃﬃﬃ
2r
p
r32ðr; hÞjh¼0; K3 ¼ limr!0
ﬃﬃﬃﬃﬃ
2r
p
r31ðr; hÞjh¼0
K4 ¼ lim
r!0
ﬃﬃﬃﬃﬃ
2r
p
D3ðr; hÞjh¼0; K5 ¼ limr!0
ﬃﬃﬃﬃﬃ
2r
p
B3ðr; hÞjh¼0; K6 ¼ limr!0
ﬃﬃﬃﬃﬃ
2r
p
#3ðr; hÞjh¼0
8<
: ð39Þ
0q
2x
3x
1x
Sε
ρ
r θ
Fig. 2. A small semi-circular domain Se on the crack surface.
6002 Z. Bojing, Q. Taiyan / International Journal of Solids and Structures 44 (2007) 5994–6012where r is the distance from point p to the crack front point q0, as shown in Fig. 2. Considering relation Eqs.
(32)–(37), for a point p near the crack front the following relations can be obtained by using the main-part
analytical method.Z
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Using relations Eqs. (40)–(45), the extended singular stresses around the crack front can be expressed as
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ð49Þwhere _r3n ¼ ½ r33 D3 B3 . The above extended singular stresses can be rewritten asr13 ¼ K3cos h0
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 Other extended singular stresses near point q0 can also be obtained by using the above method. K2 is coupled
with K3 and K6; K1 is coupled with K4, K5 and K6.5. Energy release rate
The extended energy release rate for a crack in EMTE-MCs can be calculated fromG ¼ pðGr1 þ Gr2 þ Gr3 þ GD4 þ GB5 þ G6 Þ=2 ð51Þ
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Gri , G
D
4 , G
B
5 and G

6 indicate the contribution of mechanical loading to the total energy release rate, the con-
tribution of electric charge to the total energy release rate, the contribution of magnetic density to the total
energy release rate and the contribution of thermal stress to the total energy release rate, respectively. K^2,
K^6, K1, K

5 and K

4 are given in Appendix A.6. Numerical procedure
A method proposed by Qin and Noda (2002, 2003) can be generalized to solve the hypersingular in integral
Eqs. (28)–(30) numerically. Using the behavior near the crack front, the extended displacement discontinuities
unknown functions in Eq. (15) can be written as~UJ ðn1; n2Þ ¼ F J ðn1; n2ÞnkJ2 W ðn1; n2Þ ð52Þ
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Fig. 3. Integral parameters.
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Taylor’s expansion and the polar coordinates n1  x1 = r1cosh1, n2  x2 = r1sinh1 as shown in Fig. 3, the fol-
lowing relations can be obtained:ns1ða2  x21Þ0:5 ¼
ða2  x21Þ0:5  x1r1 cos h1=ða2  x21Þ0:5  Q1r21; s ¼ 0
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ð62ÞUsing relations Eqs. (58) and (59), the kernel of integral Eqs. (54)–(57) can be written as follows:nm1 n
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q
¼ DJ0 þ DJ1r1 þ DJ2r21 ð63Þwhere DJ0, D
J
1 and D
J
2 are known functions, and can be obtained by Taylor expansion. Using the ﬁnite-part
integral method and relation Eq. (63), the hypersingular integral Eqs. (54)–(57) can be reduced to
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KmnSn ð68Þwhere Sn ¼ ðDn1 lnR R1Dn0 þ
R R
0
Dn2 dr1Þdh.7. Numerical solutions
In order to verify the above methods and illustrate its application, numerical calculations are performed for
a three-dimensional rectangular crack in inﬁnite EMTE-MCs. The independent material constants are listed in
Table 1.
In order to facilitate the computing and comparing, we use non-dimensional quantities as follows:cij ¼ cij=c11; eij ¼ eij= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc11e11p ; 2ij ¼ 2ij=211; dij ¼ dij= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc11l11p ; gij ¼ dij= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ211l11p ð69Þ
lij ¼ lij=l11; / ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
211=c11
p
/; u ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l11=c11
p
u; Di ¼ Di=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11211
p
; Bi ¼ Bi= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc11l11p ð70ÞSubstituting the material constants in Table 1 into Eqs. (69) and (70), we obtain the value of non-dimen-
sional material constant as Table 2.2
imensional material constant for Eshelby’s tensors calculations (Li, 2000)
c12 c13 c33 c44 g11 g33 211 233
0.6049 0.5944 0.9423 0.1584 0.2301E-4i 0.1381E-4i 1 1.1625
d31 d33 l11 l33 e15 e31 e33
3i 0.0447i 0.0539i 1 0.2661 2.4251 0.9199 3.8885
1
ial constants for Eshelby’s tensors calculations (Li, 2000)
, GPa Magnetoelectric, Ns/VC Piezoelectric, Cm2
c12 c13 c33 c44 g11 g33 e15 e31 e33
173 170 269.5 45.3 0.005E9 0.003E9 11.6 4.4 18.6
agnetic, N/Am Magnetic, Ns2C2 Dielectric, C2/Nm2 Thermal stress
d31 d33 l11 l33 211 233 i11 i22 i33
580.3 699.7 590E6 157E6 0.08E9 0.093E9 0 0 0
ectric Pyromagnetic Heat conduction
122 133 g11 g22 g33 k11 k22 k33
Table 3
Non-dimensional values of the constants related to the materials (Li, 2000)
D1 D2 D3 D4 s0 s1,2 s3,4 s5,6 s7,8
5.8703 .1022 .0947 6.3481 1.1168 ±1.9253i .9376 ± .1052i .9376 ± .1052i ±1.7336
K11 K54 K12 K34 K33 K43
.0196 .1987E-3+19.1566i 2.8986-.03298i 2.7031-.4022E-4i 1.9849-.6217E-4i 1.377+1.594E-8i
K55 K34 K35 K53 K45 K44
.0732+5.2261E-6i 2.703-.4022E-4i 1.0579E-6+.0274i .3071E-3+3.7552i 2.712E-8+.0813i 19.207+1.031E-8i
Z. Bojing, Q. Taiyan / International Journal of Solids and Structures 44 (2007) 5994–6012 6007The constants related to the materials in Appendix A can be calculated by using the value in Table 2; the
values are shown in Table 3. Then we can use these constants to calculate arbitrary crack problems.
The non-dimensional extended SIFs near the crack front edge are, respectively, deﬁned as FI0
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Fig. 5. Compliance of boundary condition ðr31=r131 þ 1 ¼ 0Þ. (a) M = N = 9; (b) M = N = 13.
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Fig. 4. Compliance of boundary condition ðr33=r133 þ 1 ¼ 0Þ. (a) M = N = 9; (b) M = N = 13.
6008 Z. Bojing, Q. Taiyan / International Journal of Solids and Structures 44 (2007) 5994–6012Consider a rectangular crack in inﬁnite EMTE-MCs subjected to a mechanical load r13i , an electric load
D133, a magnetic load B
1
33 and a thermal load #
1
33 in inﬁnity. The remaining stress is shown in Figs. 4 and 5
for r133 and r
1
31, respectively. Fig. 4 shows that the remaining stress sC ¼ ðs33=s133Þ þ 1 on the crack surface
is less than sc = 5.27 · 105 when M = N = 9, less than sc = 1.07 · 106 when M = N = 13. Fig. 5 shows that
the remaining stress sC ¼ ðs31=s131Þ þ 1 on the crack surface is less than sc = 6.99 · 105 when M = N = 9, less
than sc = 1.42 · 106 when M = N = 13.
In the case when the load is r133, the numerical results of dimensionless SIFs with increasing the polynomial
exponents are given in Tables 4–6 for diﬀerent numbers of collocation points.
This shows that the results are convergent to the fourth digit when polynomial exponentsM = NP 9 with
20 · 20 collocation points. The maximal SIFs F1 = 0.7536, which is identical to that obtained by Qin and
Noda (2003), the maximal SIFs F2 = 0.8781 and the maximal SIFs F3 = 0.6020.Table 4
Convergence of dimensionless extended SIFs F1 along x2 = 0 with increasing the polynomial exponents
x1/a 0/11 1/11 2/11 3/11 4/11 5/11 6/11 7/11 8/11 9/11 10/11
M = 13 .7536 .7518 .7464 .7374 .7244 .7067 .6829 .6512 .6092 .5503 .4493
M = 11 .7536 .7518 .7464 .7374 .7245 .7067 .6829 .6512 .6089 .5501 .4520
M = 9 .7536 .7518 .7464 .7374 .7244 .7067 .6829 .6512 .6092 .5503 .4493
M = 7 .7529 .7514 .7466 .7383 .7246 .7069 .6827 .6513 .6071 .5505 .4433
Qin and Noda (2003) .7534 .7517 .7465 .7375 .7245 .7065 .6826 .6510 .6086 .5494 .4543
Table 5
Convergence of dimensionless extended SIFs F2 along x1 = ±a with increasing the polynomial exponents
x2/b 10/11 9/11 8/11 7/11 6/11 5/11 4/11 3/11 2/11 1/11 0/11
M = 13 .5541 .6576 .7232 .7700 .8039 .8290 .8479 .8617 .8710 .8763 .8781
M = 11 .5565 .6588 .7229 .7697 .8039 .8290 .8479 .8616 .8709 .8763 .8780
M = 9 .5564 .6613 .7230 .7691 .8039 .8294 .8478 .8611 .8707 .8765 .8786
M = 7 .5514 .6655 .7252 .7678 .8020 .8292 .8493 .8629 .8711 .8752 .8765
Table 6
Convergence of dimensionless extended SIFs F3 along x2 = 0, 2b with increasing the polynomial exponents
x1/a 0/11 1/11 2/11 3/11 4/11 5/11 6/11 7/11 8/11 9/11 10/11
M = 13 .9903 .9880 .9809 .9686 .9506 .9263 .8944 .8526 .7978 .7240 .6020
M = 11 .9905 .9882 .9809 .9686 .9508 .9266 .8946 .8529 .7991 .7258 .5998
M = 9 .9905 .9881 .9808 .9686 .9507 .9265 .8948 .8540 .8009 .7262 .5936
M = 7 .9900 .9877 .9808 .9689 .9512 .9271 .5958 .8555 .8021 .7233 .5799
Table 7
Dimensionless maximal extended SIFs FI
Present Hu et al. (2006) Tian and Gabbert (2004) Shindo et al. (2004)
a/b 1 2 3 5 7 1 1 1 1
F1F4F5 .7536 .9183 .9279 .9379 1.0020 1.0022 1.000 1. 0053 1.000
F2 .8781 .9904 1.0191 1.0322 1.0328 1.0332 – – –
F3 .9903 1.2817 1.4084 1.4983 1.5242 1.5370 – – –
Z. Bojing, Q. Taiyan / International Journal of Solids and Structures 44 (2007) 5994–6012 6009Table 7 shows the variation of the maximal extended SIFs FI when a/b = 1,2,3,5,7, 1. The results show
that the present method has convergence to the fourth digit when a/bP 7.8. Conclusions
In this paper, a three-dimensional crack problem in EMTE-MCs is investigated. The conclusions can be
drawn as follows:
(1) Using the principles of ﬁnite-part integrals and the extended fundamental solutions, a set of hypersingu-
lar integral equations coupled with boundary integral equations for a three-dimensional crack in EMTE-
MCs is derived by the boundary integral equation method.
(2) Based on the hypersingular integral equations, the behaviors of the extended stress singularities near the
crack front are analyzed by main-part analysis of two-dimensional hypersingular integrals, and the
extended singular orders are obtained. The results show that the singularity near the crack front in
EMTE-MCs is similar to that in general homogenous material.
(3) The singular stresses, the extended energy release rate and the extended SIFs near the crack front in
EMTE-MCs are analytically obtained. For EMTE-MCs, K2 is coupled with K3 and K6, and K1 is cou-
pled with K4, K5 and K6.
(4) The hypersingular integral equations are translated into a set of linear algebraic equations. In the pro-
cess, the singular integrals of various types are specially treated and the speciﬁc calculating formulae are
given. Besides, the numerical calculation expressions of the extended SIFs of the crack front are
obtained.
(5) The numerical techniques to solve the hypersingular integral equations are established. Distributions of
extended SIFs reveal that the present method has convergence to the fourth digit when a/bP 7.
(6) It is important to emphasize that for the arbitrarily extended loads, the hypersingular integral equations
method can easily used to yield the extended stresses and extended SIFs for planar cracks, and the
numerical solutions of extended SIFs can also be obtained.Appendix A
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